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Abstract: It is elementary to factor an ordinary differential operator given a
non-zero function in its kernel. Here a higher dimensional generalization of
this fact is developed and utilized to determine non-trivial factorizations of
constant coefficient partial differential operators. Through Darboux trans-
formations, this result is applied to the solution of linear partial differential
equations, commutativity, quantum integrability and the “bispectral prob-
lem”.

1 INTRODUCTION

The factorization of ordinary differential operators (ODOs) is quite similar to
the factorization of polynomials in a single variable. If one knows a root A € C
of some polynomial p(z) € C[z] then it immediately follows that p(z) = g(z)(z—\)
for some polynomial ¢ € C[z]. Note that just as z — )\ is the only monic linear
polynomial that vanishes at A\, K = ¢(z) o & o ¢~*(z) is the only monic first
order ODO with ¢(z) in its kernel. Analogously, the knowledge that ¢(z) is in
the kernel of an ODO implies that K is a factor of that operator.

Theorem 1.1: If ¢ # 0 is in the kernel of the ODO L = 3" f;(2)0" (0 := 2) then
it factors as L = Q o K for some ODO () and the first order differential operator
K =¢(x)odo¢ ().

Moreover, since any ODO “completely factors” into first order terms, know-
ing the entire kernel is sufficient to determine all possible factorizations. (In
general, one can say that L = @ o K if and only if ker K’ C ker L.) This property
has proved to be useful in constructing Darboux transformations for ordi-
nary differential operators with many applications in mathematical physics
12,8, 9, 17, 18, 20].

For the same reasons, there is interest in being able to perform such Dar-
boux transformations for partial differential operators (PDOs) [1, 3, 5, 6, 12, 15, 22, 23].
However, in keeping with the analogy to polynomials, the fact that one can-
not necessarily completely factor a PDO complicates matters in the higher
dimensional situation. Even though the analogous statement: “If the PDO L,
annihilates every function in the kernel of the PDO L, then Ly = ) o Ly for some
PDO @ is true [21], it does not seem to be useful in determining previously
unknown factorizations.



Here we will prove a result which, although not completely general, leads
to novel factorizations of constant coefficient partial differential operators. For
any differentiable function ¢(z1,...,,) and irreducible polynomial ¢(z1, ..., 2,)
we will introduce below a partial differential operator K (‘f and a proper subset
Ff C ker K, g’ . The main theoretical result of this paper is to prove that any
PDO whose kernel contains Fg’ has K, ff as a right factor. Using this fact, which
has the well known result Theorem 1.1 as a corollary, we are able to determine
new, explicit, non-trivial factorizations of constant coefficient partial differen-
tial operators. The application of such factorizations to the solution of linear
PDEs, bispectrality and quantum integrability through Darboux transforma-
tions is discussed.

1.1 NOTATION

Let D be the ring of partial differential operators in the variables Z = (z1,...,2y,)
and coefficients in some differential field K of functions. The shorthand no-
tations 9; := 8%1- and J = (04, ....0,) will be used. (So D = K[| is made up of
polynomials in the 0;’s with coefficients that are functions in K.) Differential
operators act on functions by differentiation and multiplication in the obvious
way, and the action of the operator L € D on a function f(x1,...,x,) will be
denoted L[f]. Moreover, the composition of operators L;, Ly € D will be written
L1 [} LQ.
We will say that a function f(z1,...,z,) is polynomial-exponential if it is of
the form
N
f(xl,...,:rn):Zpi(xl,...,mn)e(g”’a” (1.2)

i=1

for some N € N, polynomials p; € Clzy,...,z,] and &; € C". (Here (, ) denotes
the usual inner product on C".) Note that the set of polynomial-exponential
functions forms a ring which is moreover closed under differentiation. Sim-
ilarly, the quotient field of ratios of such functions with non-zero denomi-
nators is also closed under differentiation. Let us call this quotient field the
rational-exponential functions. This paper is primarily concerned with the ring
of partial differential operators in the variables z; with coefficients that are
rational-exponential functions as defined above. More specifically, the main
result involves the factorization of constant coefficient differential operators in
this ring.

In addition, in order to prove the results below it will be useful to intro-
duce the ring T of rational coefficient translational-differential operators in
Z=(z1,...,2n) (cf. [19] which considers the one dimensional case). An element
A € T is an operator of the form

N
A=) LioTs (1.3)
=1

where T; is the translation operator

T(f()] = f(F+a) decCn (1.4)



and L; are rational coefficient differential operators in the variables z;

- A 0
L; —Zn] 00§ (O1,---,0n), O = ==, 15 €C(2), pi; €Cl2].  (1.5)

Note that C[Z] C T by associating p o T; € T to the polynomial p. Special
attention should be paid to the subring T of constant coefficient translational-

differential operators (i.e. those for which L; € C[dy,...,d,]). The main signifi-
cance of these operators here comes from the following observation:

Lemma 1.6: The map I from the ring T° of constant coefficient translational-differential
operators in Z to the ring of polynomial-exponential functions in ¥ given by

Al = 1(A)e®?) A eT? (1.7)
is an isomorphism.

In particular, ¢#? is an eigenfunction for every element of T’ and the
eigenvalues are polynomial-exponential functions.

2 FACTORING PARTIAL DIFFERENTIAL OPERATORS

Let ¢(z1,...,z,) € Kbe an arbitrary non-zero differentiable function and ¢(z1,. .., z,)
be an irreducible polynomial. We will associate to this choice a differential op-
erator and a set of functions.

Definition 2.1: Let K (‘f € D be the differential operator

= 1
K? := ¢(Z) o —
{ = 0@ oad) e g
Note in particular that this operator annihilates every function in the set of

functions
Ff = {@)ec™9 | ze ", o(2) =0}

parametrized by the irreducible algebraic variety ¢='(0).

Theorem 2.2: L < D factors as
L=QoK{  forsomeQeD
if and only if F¢ C ker L.
Proof: Clearly if L has a right factor of K¢ then Fq¢ C ker L. So, let us assume

the latter and prove the former.
Consider first the case that ¢(7) = 1 and so K¢ = ¢(9). Note that

F(#2) = LI =Y fi(@)pi(2)el ™



for some polynomials p; and functions f;. Then, for any fixed value of 7 in
its domain, this function must vanish for all Z € ¢~1(0). Consequently, by the
Nullstellensatz, the polynomial (in 2) f(&, Z)e{~%? has a factor of ¢(%) and so
we may factor

12 =a(2) 3 Fi@)a(e. (2.3)
Then, L factors as L = Q o ¢(J) with
Q=>_ fi()(d). (2.4)

More generally, for arbitrary ¢ let L = L o ¢ € D, then by the preceding

paragraph we have that L = Q o ¢(J). Hence L = L o é =Qoq(d)o % Finally,
letting @) = Qo % we get the desired factorization. [l

Remark 1: Note that if n = 1 and ¢(z) = z € Clz] then PP = {¢(x)} and
K,‘f(z) = ¢odo ¢ !l. In particular, in this case one finds Theorem 1.1 as a
consequence of Theorem 2.2.

Remark 2: Theorem 2.2, though quite simple once it has been read and un-
derstood, is particularly surprising since it does not require that L annihilate
all of ker K g’ but only the (proper) subspace spanned by the elements of Fq¢.
This is a stronger statement than one might expect. (For instance note that if
¢ =1and g(z1,22) = 2] — x5 then z; € ker K¢ but cannot be written as a linear

combination of the functions in F C ker K¢.)

Remark 3: Of course, most differential operators will not have any set of the
form Ff in their kernels, and so this theorem is not entirely general. However,
it has the advantage of being useful. The special instance of this theorem in
the case that ¢ is linear was used to construct Darboux transformations in [5]
and the case in which ¢(Z) € C[7] is a polynomial is implicitly contained in [3].
It will be further applied in the next section to determine new factorizations of
constant coefficient differential operators.

3 CONSTANT COEFFICIENT DIFFERENTIAL OPERATORS

3.1 ONE DIMENSIONAL CASE

In the case of constant coefficient ordinary differential operators, Theorem 1.1
implies the following:

Theorem 3.1: There exists a constant coefficient ODO with right factor of K =
o(x) 0 Do ¢~L(a) if o(x) = Y1, pia)e™® for some p; € Cla] and ; € C.

Proof: Let ¢ be of this form and p(z) = [[(z — )\Z_)Hdeg Pi ¢ C[z], then the
operator L = p(0) has ¢(z) in its kernel. By the discussion above, this implies
that L has a right factor of the form K.

Alternatively, given a constant coefficient operator L = p(9) (p € C[z]) let )\
(1 < i < n) denote the distinct roots of p and m; be their multiplicities. Then it



is simple to check that z7¢*® € ker L for 0 < j < m; — 1 and 1 < i < n. Over C,
these functions span a (deg p)-dimensional space which must therefore be all
of ker L. Consequently, every function in the kernel of a constant coefficient
ODO is of the given form. O

It will be seen that the situation is much the same in n dimensions if one
replaces ¢ with any similar function of n variables and replaces 0 with any
irreducible constant coefficient partial differential operator.

3.2 HIGHER DIMENSIONAL CASE

If one were to pick an arbitrary partial differential operator K, it would be
unusual to be able to find another operator ¢ such that @ o K is a constant
coefficient operator. The following theorem, analogous to Theorem 3.1, pro-
vides a class of non-constant coefficient operators which are right factors of
constant coefficient differential operators.

Theorem 3.2: Let ¢(Z) # 0 be a polynomial-exponential function and ¢(¥) € C[Z] be
an irreducible polynomial, then there exists a partial differential operator () # 0
such that Q o K¢ € C[d] is a constant coefficient operator.

Proof: Let

GE) = pi(&)e!™T) (3.3)
i=1

for arbitrary polynomials p; and vectors &; € C". Then the translational-
differential operator T' = I~'(¢) € T satisfying Te(®? = ¢(Z)e'*? (cf. Lemma 1.6)
is given by

m

T=> pi(0.)Ta,. (3.4)

i=1

Now let p(z) € C[z] be the polynomial

p(z) =[] T a [(@@)™"]  m;:=degp (3.5)
=1

—, —

and L be the constant coefficient differential operator L = p(9) € C[9]|. Then
L[qbe(f"g)] =To L[e(f"g)] =To p(z)[e@”g)] (3.6)

and p(z) is constructed specifically so that T o p(z) = ¢(z) o T’ for some other
translational-differential operator 77 with polynomial coefficients. Consequently,
L[¢e'®#)] =0 for all Z € ¢~ 1(0) and then Theorem 2.2 implies that L has a right
factor of K. O



4 EXAMPLES, APPLICATIONS AND COMMENTS

Without knowledge of its kernel, factorization of even an ordinary differential
operator can be difficult (cf. [13, 14]). If one does know functions in the kernel,
the problem of factorization becomes trivial but such factorizations have appli-
cation in the construction of Darboux transformations [2, 8, 9, 16, 17, 18, 20],
which is essentially conjugation in the ring of differential operators. Despite
the inherent difficulty in factoring PDOs there has recently been much inter-
est in the higher dimensional generalizations of the Darboux transformation
[1, 3, 12, 15, 22, 23]. By using the factorizations determined above to per-
form Darboux transformations for constant coefficient PDOs one may con-
struct new explicit higher dimensional examples of commutativity, quantum
integrability and bispectrality.

Pick an irreducible polynomial ¢ € C[Z], polynomials p; € C[Z] and vectors
a; for 1 < i < m € N. Then defining ¢ by (3.3) and p by (3.5), it follows that
the constant coefficient differential operator L = p(d) € C[J] factors as L =
QoK g’ for some (). Knowing this, one may then compute the coefficients of @
explicitly (for instance, with a computer algebra package) since L and K g’ are
known.
Example: For n = 2, consider the case that ¢(2) = 22 — 2, p; = 1,py = v € C[7],
a; = (1,0) and a3 = (0,1). Using (3.3) and (3.5) one finds that

L=((0—1)?-)0 -0 +1)

¢(T) = € + ye™

and T z1+T

2e* | 2ryetr ez
As predicted, one may check that L[¢e!%?)| vanishes for any z € ¢ !(0) and so
by Theorem 2.2 L = Q o K g. It is then merely an elementary calculation to

check that

K$=0] — 02—

276581 +x2

2 e.’L‘2

i ) o1 + &
Darboux Transformations for Linear PDEs: Given the factorization L =
QoK g’ determined above, we have a Darboux transformation relating the so-
lutions to the equation L[f] = Af (A € C) and the new equation L[f] = \f for
L =K jf o Q. In particular, it is clear that the application of the operators K ,‘f
and @ provides maps between ker L — A and ker L — .

Q=0%—0,— + 1L

Theorem 4.1: [fL=Qo Kjf and L = Kg’ o @ then we have the maps
Kf:kerL—)\—>kerl~/—>\
f e KJ[f]

Q:kerL — X —ker L — \
[ Qlf]
between the kernels of the operators.



Proof: Suppose f € ker L — A then

(L= N[f] = K¢ oQoKZ[f] — \KZ[f]
= K2 o L[f] — AKZ[f]
= KM= AKS[f] =0

(and similarly for the map in the other direction). O

As in other applications of Darboux transformations to differential oper-
ators [1, 3, 8, 9, 15, 20, 23], these are most useful if they can be shown to
preserve some form or property of interest. Here, for instance, the bispectral
property and quantum integrability are considered although it seems likely
that the transformations described here could be used as well for other pur-
poses. Unfortunately, since the procedure described above depends explicitly
on the fact that the initial operator has constant coefficients, it is not clear
how one can iterate these transformations except in trivial circumstances.

Example (cont’d): Continuing the example begun above, we have the new
differential operator

2 (62:01 + 6"/6‘T1+w2 + 621:2’}/2)
(€71 + ev27)?

L= (922 - 2812(92 + 20105 — 209 + 614 — 2613 + (912

) (63901 + 962x1+x2 v - 3ex1+2x2 72 + 63x2 73)
(@t em )
64I1 + 8,}/631‘1+ZE2 . 1062(I1+12),}/2 _|_ 861’14’31’2,\/3 _|_ €4ZE2,\/4

(et + ev27)*

2}

and the relationship Theorem 4.1 relating the solutions of the corresponding
differential equations. For instance, it is trivial to find a solution to L[f] = 0 by
assuming f(z1,22) = fi(x1)+f2(22). One such function is f = kyz1e™ +rowae™ €
ker L. However, the transformation

[=K21f] = (k17 — K2)e™ —

2v2e3%2 (kyyxy — Kawa)  27e%*2 (kyy(wy — 1) — Koxo)

¢? ¢

provides a solution to L[f] = 0 which would be difficult to find using other
methods.

Commutativity and Quantum Integrability: A factorization of one constant
coefficient operator L provides a means for producing a set of commuting oper-
ators. Let M; € C[d] be constant coefficient partial differential operators. Then
the (generically non-constant) operators Li=K g’ o M; o @ mutually commute.

Explicitly, one sees that
[ii,ij]:K?OMZ-OQOK?OMJ-OQ—K(?OMJ-OQOK;SOMZ-OQ
=K{oM;oLoM;oQ—KJoMjoLoM;oQ=0

-,

by the commutativity of L and M; € C[J]. Consequently, letting M, = 1 and
M; = 0; (1 <i < n) the ring generated by Lg,---, L,, is a commutative ring with



Krull dimension n which cannot be generated by fewer than n + 1 generators.
Viewing the commutativity of these operators as the quantum analogue of the
Poisson commutativity of functions on the cotangent bundle to a symplectic
manifold, such a ring may be considered as an example of a quantum inte-
grable system [4, 5, 6, 12].

Bispectrality: The function /%7 is, of course, an eigenfunction for the
ring of constant coefficient partial differential operators in # with eigenval-
ues depending on the parameters z. Moreover, this same function is also an
eigenfunction for the constant coefficient translational-differential operators
TY in Z with eigenvalues depending upon 7. This is an instance of “bispec-
trality” [7, 10, 11, 19, 22|. Then, it is interesting to note that the function
K¢[exp (#,Z)] is also a common eigenfunction for differential operators in #
and translational-differential operators in Zz. The one dimensional case (n = 1)
is particularly interesting since it indicates a sort of bispectrality for solitons
of the KP hierarchy and will be considered separately in [19]. (See also [7]
which considers such translational-differential bispectrality in the context of
quantum duality.)

Theorem 4.2: The function ¢ := K [exp (Z, 7)] satisfies the eigenvalue equations

L(Z,2)] =p()(T,2)  AR(T,2)] = o™ (D)W(Z, ) (4.3)
forﬁ:K;ferD,m:degq—i—landsomeAeT.

Proof: The key observation here is that

-

7, 7)) = ¢(T) o o1
082 = o) 0(0) 5

_ @) e
e o(z)

@)

where ¢(7) is another polynomial-exponential function of the form

m

$&) = 3 pu(a)el ™,

i=1

Then, letting

m R . 1 m R R
A= (Zﬁi(ala---aan)onqL) o ) ° <Zpi(31,---,3n)0Tai>
i=1 ;

it follows that A satisfies (4.3). [l

Example (cont’d): Returning to the example above, one may check that
W(T,2) == K{lexp(Z,7)] is also given by ¢ = 5[e/"?] where I' € T is the
translational-differential operator

= A/2(1 + zf — 22)T(072) +(1 -2z + zf — ZQ)T(QyO) + 27(2% — 2 — ZQ)T(Ll).



Thenif A =To ﬁ ol with T = I"'(¢) = T(1,0)+77T(0,1) one finds that A[¢(Z, 2)] =
A(@)*P(T, 2).

Since this bispectrality is not only a consequence of the transformation
but also used in the construction itself, this result is similar to [12] where
bispectrality of partial differential operators is utilized to perform Darboux
transformations. In particular, this paper extends that same idea to the case
of translational bispectrality where the proof presented in [12] fails.
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