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Last lesson in 
Gottingen



Chapter 1









It is with a 
certain uneasiness 
that I find myself 

here tonight.

And with 
regret.

Because this is 
my last lesson in 

Göttingen.

Some sort of 
offhand divulgation with

 no great display of 
technicalities.

Because what interests me 
today is a different approach: 
simpler, and indeed simplistic.

A chat on a tough 
and nebulous 
subject.

Some sort of 
skimming flight.

We will talk 
about infinity.

About infinity 
and the continuum 

hypothesis in 
mathematics.

I will therefore 
allow myself a 
lengthy chat.



Let’s start 
with numbers.

With the experience 
we have of numbers.

The natural 
numbers which, 

progressively, follow 
one another.

And grow.
Both in value 

and in quantity.

One.

Two.

Three.

Four.

Five.

Ten. Twenty.

And a hundred. 
And a thousand. 

And so on!



Ahead! Rearing, 
climbing endlessly!

After every natural 
number, there will always

be another natural 
number.

Just as two 
follows one and 
three follows 

two.

This is the line of the 
natural numbers.

A simple 
representation. A drawing which 

evokes that long race 
with its very shape.

That vertiginous climb towards 
the indescribably large.

A representation.

A pale shadow 
of the concept it 

underlies.



Another 
representation.

There are 
different represen-

tations, but the 
fact remains 
unchanged.

This is the set of the 
natural numbers.



Within this 
set we intend 
to represent 
infinite dots.

And this,
on the other hand, is the 

set of all the living human 
beings on the earth.

You will 
agree that there’s 

no way out.

Even though mankind 
grows and reproduces itself, 

we will never be of an 
infinite number.

Men are, 
how can I 
put it… 

finite.

And this finitude 
presents some inter-

esting properties 
with regard to 

infinity.

As brilliantly 
exemplified by 

Hilbert’s 
paradox.



The famous doctor 
David Hilbert…

One night, doctor 
Hilbert arrives at 
the hotel of the 
infinite rooms.

Good 
evening. I’d like 

a room for 
the night.

I’m sorry, 
there are no 

rooms available.

What do you 
mean? I thought 
you had infinite 

rooms!

I’m 
terribly 
sorry.

Listen to me. Call the infinite guests of the hotel and ask each of them to move to the room right next 
to their own.

So that whoever is in the first moves to the second.

Whoever is in the second moves to the third. Whoever is in the 
third moves to the fourth, and so on.

So that the first room becomes available for use.



Infinity 
is spacious.

All natural 
numbers are in it 
and still can’t 

fill it.

No matter how 
big, there is no 

natural number which, 
from its highest peak, 

can even barely 
graze infinity.

There is 
always something 
like an inner tube 
separating them.

On the one side 
there is N, rising, and on 

the other, infinity.

And they will
 never even graze 

each other.



There is a 
discontinuity in 

the mathematical 
fabric.

It’s an abstruse 
concept. A curious 

feeling.

And at a closer 
look, a similar discontinuity, 
an inner tube inflated with 

inexpressibility, can also be found 
elsewhere in our chat.

Between 
one number and 
the next, for 

example.

While N flies.



There is a fracture separating 
one from two.

A compulsory jump in 
the count.

First one. Jump. Then two. 
Jump. Three. Jump.

Not a transformation of 
one into two. 

But one. 
And two.

A mighty leap of numinous  
odour – and an abyss.





What happens in 
that abyss?

As we know, 
there are  many  

families of 
numbers.

Natural numbers and 
rational numbers.

Both 
infinite.

Irrational 
numbers.

Strange 
numbers which do 
not correspond to 

any ratio.

what we want 
to understand what 
happens between 

one and two.

And we will get 
there by calling into 
play the so-called 

real numbers.

Here are some 
examples, according

to the decimal 
representation.

Georg Cantor was the 
one who unlocked the 
doors to a new order 

of infinities.

And he did so 
precisely by working 

on this problem.

How many real 
numbers are there 

between one 
and two?

An infinite 
number.



Here we have, close at hand, 
a very simple demonstration. 
Cantor noticed that it was always 
possible to write an R number, 
comprised between one and two, 
which was neither the first, nor 
the second, nor the third 
number among those on 
a given list.

It would have sufficed to 
write a number whose first 

decimal digit wasn’t the same as 
the first decimal digit of the first 
number on the list. And whose sec-

ond decimal digit wasn’t he same 
as the second decimal digit 

of the second number 
on the list.

And whose third 
decimal digit wasn’t the 

same as the third decimal digit 
of the third number on the list, 

and so on, until all the 
numbers of the list 

are used up.

Cantor’s diagonals.

I locate the 
first decimal digit of 

the first number on the 
list and I change it. 

I add one to 
vary it, for 
example.

Same 
procedure for

 the second digit 
of the second 

number. For the third.

And for 
the fourth.



In this way, 
I am sure that I am 

writing a number which is 
certainly different from 

the first.

From the 
second.

From the 
third.

From the fourth
and so on.

And, in the long run, 
one realizes that this little 

trick works even if the list is 
made up of infinite numbers 
with infinite digits after 

the decimal point.

It is always 
possible to write a 

new number and 
integrate it in

the list.

So, between one and two there is an 
infinity of other numbers, and Cantor 
discovers a new infinity curled up in 

that incredible niche.

An infinity of a 
higher order.

Aleph.

And when I talk about an 
infinity of a higher order, 

I mean of an entity immensely 
greater than the infinity to which 

natural numbers tend.

In other words: there 
are more R numbers between 
one and two than N numbers 

on the line of natural 
numbers.





The light and the 
immense kaleidoscopic 
infinity that Cantor 
saw were blinding.

There were 
infinities of different 

dimensions.

Cantor was so 
impressed that he 

even revolutionized the 
mathematical nomen-

clature.

He called the 
infinity of the natural 
numbers Aleph Zero.

And he imagined 
that it was possible to 
order the infinities 
according to their 
increasing size.

Cantor died while trying to 
prove that there were, one 
after the other, aleph zero, 

aleph one...

…aleph two and 
aleph three and, 
one by one, all 

the others.

Almost as if to mimic 
their progenitors.

He couldn’t imagine that 
he had stumbled upon an 

insoluble problem.



It became clear 
only later thanks to 
the work of doctor 

Kurt Gödel.

  About 
 ten years ago, 
Gödel has dealt 

Mathematics a very 
hard blow.

He had a 
mathematical 
function say: 
“I am not a 
function”.

Everybody knows 
the functions. Y varies - 

as X varies.

We can make some 
examples.

The result Y 
changes according to 

the value we 
assign to X.

If X is 
one, Y is two. 
You can either 

draw it or write it 
algebraically.

If the value of 
X is three, then
Y becomes four.

And so on.

Well then, Gödel 
made a mathematical 

proposition assert that 
it wasn’t true.

A bit like what happens
 in the liar’s paradox.



A Cretan says: 
“I lie”.

If he is telling the 
truth, then he is 
lying.

And contradicting 
himself.

If, on the contrary, what he says 
is false, then he’s not lying. But again, he’s 

contradicting 
himself.



Gödel had a function say: “I am 
not a function.” “I am not true.”

A function is a correct 
formal proposition 
from a mathematical 
point of view.

If it weren’t correct it 
wouldn’t be a function, 
but a mistake.

What happens if a 
correct proposition 
has as its result 
“I am not correct”?

“I am not 
a correct 
mathematical 
proposition.”

A trivial example can help 
us see things more clearly.



Let’s think 
of the 
gramophone.

The 
stylus.

The horn.

The 
turntable.

The base.

Let’s think of records. The 
gramophone plays the records.

To explain the metaphor: the gramophone is Mathematics. 
The records are the formal propositions, the mathematical functions.

We can play a multitude of records, according to the occasion. 
But there is at least one record for each gramophone which cannot be played.

Here’s the catch: the resonance set-up of the entire record-gramophone system.
To clarify: cut into the record, there is a frequency f. The stylus translates the groove and 
vibrates as f demands. The horn gives f out and makes the whole gramophone vibrate with f.



Now, every system, because of its conformation and mass and volume, has its own particular 
frequency of resonance fr and the record-gramophone system is no exception. 

If the  fr frequency is cut into the record, what will the gramophone play?

If f is 
equal 
to fr  

– WHAM!

WHAM.

A flash of 
lightning. 

And an 
abyss.



Gödel discovered that there were in mathematics 
certain undecidable, paradoxical statements, 
whose solution couldn’t be enunciated.

Just as, in everyday language, it doesn’t make 
sense to try and make out whether the 
Cretan is lying or telling the truth.



There are records which, if played, play havoc with 
the gramophones.

There are mathematical proportions which 
are a trap for mathematics.

Cantor, unaware of this paradoxical truth, stumbled, 
unwittingly, on an undecidable problem: the continuum problem.



Gödel’s incompleteness 
theorems refer to consistent 

formal systems which are complex 
enough for their consistency 
to be proved through their 

own propositions.

Just as Mathematics 
happens to be.

Everything is proved 
in Mathematics, except for 
the primitive ideas and the 
self-evident axioms from 

which it derives.

Well, Gödel 
proves with his 

unplayable records that 
every consistent system 
admits of non-decidable 

propositions.

This means that, 
given a formal system, 

there will always be some 
true propositions which cannot 
be proved within that system, 

axioms excluded.

Or, in 
other words: 
all consistent 
formal systems 
are incomplete.

As if demonstrability 
were a paradigm more 

fleeting than 
the truth.



So, Mathematics 
correctly generates 

paradoxes and undecidable 
propositions.

And the continuum problem 
seems to be one these issues.

We are  
confronted with 

the ordered sequence 
of the natural numbers 
and a series of infinities. 

The one inaccessible 
to the other.

And some people, 
by analogy, are already 
looking at huge infinities 
inaccessible from the 

lower levels. 



And here, roughly, we 
reach the end of our…

?

I’m sorry 
Professor 

Fiz.

I didn’t 
mean to –

No no, I am sorry. 
I’ll leave straight 

away!

Have a nice 
evening, Karl.

You too, 
Professor.

Professor Fiz. There are 
some disturbances 

in town –
It would 
be wise to 

avoid the city 
centre and 
take Bürger 

Strasse.

Goodbye.



Professor 
Fiz!

How – how 
does it end?







Right then, if I wasn’t talking to the walls, it is 
certainly worth continuing.

Some clarifications are needed.

You see, the problem Cantor got stuck on, known 
as the continuum problem, is of a certain 
importance. 
I touched upon it just a moment ago with a brief 
example, quoting the now famous diagonalizations, 
but it deserves deeper examination. 
At that time, Cantor was working on the sets and
he discovered that the infinity real numbers 
tended to was much more numerous than that of 
the natural numbers. 
He was already aware of the fact that there 
were countless infinities, but the discovery of 
the infinity of the real numbers destabilized him.

Focus on the set of the first three natural 
numbers. 

How many subsets can be derived from the original 
set? 

Eight. That is to say all the possible combinations 
of the three original elements.

The result can be generalized as:

Two by two by two.

3 is the number of elements we start with.
 
2 is the number of possibilities that each 
element has to belong to a given subset: 
either the element belongs to the subset (1), 
or it doesn’t (2).



Now think of the set of the natural numbers.

We know that N are infinite.

So, from the set of the natural numbers we can derive

subsets.

You can easily understand that two raised to the power of infinity 
is sooo much bigger than infinity. 
Two by two by two by two by two by two by two... for infinite times.  

An infinity of a higher order. Aleph one. But we can go further.

If from the set of the Ns I obtain 2x0 subsets

how many subsets do I obtain from the set of the 
subsets of N?

Two raised to the power of two raised to the power of infinity. 
Aleph two.



Hold on 
professor, 
I’m a bit 

lost.

Excuse me, you 
are Mister…?

Winkler. Alkuin Winkler. 
Student at the faculty of 

Mathematics here 
in Göttingen!

Well, 
mr Winkler. 

What is it you 
haven’t understood 

so far?

I have 
understood that 

in Mathematics there 
are myriads of infinities 

of different sizes.

Infinite 
infinities.

Whose progression 
is similar to that of 
the numbers but, how 

can I put it -

What do 
Cantor’s 

diagonals have 
to do with it?



Allow 
me, then, a 
practical 
example.

These are the playing 
cards I occasionally 
use with my friends 

at the pub.

One can use them to play 
with the sets. For example: 
how many sets can I put 
together with two cards?

Two cards: two possibilities 
for each card. Two raised 
to the power of two: four.

One. Two.

Three. Four. You see, the 
cards are face up 

or face down.

And if they were clank it 
would be even better. Because 

one would 
still be able 

to play.

Even without values, 
I assure you, Mr Winkler.



Now let’s 
put together some 

random sets.

It’s a matter of creating a 
new set starting from the 

given ones.

Try turning the cards on the 
diagonal, according to Cantor’s 

method. Just like on the 
blackboard.





It is always possible to create a new set, different from all the given ones.



Outside the game, this 
expedient allowed Cantor…

…to verify that 
the infinity of the real 

numbers is sooo much bigger 
than Aleph Zero. That is to say, 
the infinity natural numbers 

tend to. But – where is 
the Problem?

The problem is:
 how big is the 
infinity of the 
real numbers?

Is it as big as
Aleph one? Or is 

it bigger?

Or is it 
the same as 
Aleph two? 
Or is it even 
bigger than 
Aleph Two?

Or maybe 
it is smaller. 

It stands between 
Aleph zero and 

Aleph one.



Bear with me
 a little longer. What 
procedure would you 

use to order 
this set?

Go ahead.

 To begin with,
I would single out 

the smallest 
element.

And I would 
take it out of 

the set.

Then I would 
once again select 

the smallest of the 
remaining elements.

And, again, 
I would take it 
out of the set.

And so on.

And what procedure 
would you use if the 
elements weren’t 

numbers but infinities? 
And if these infinities 
were innumerable?







Once again, 
mr Winkler: what 
procedure would 
you use to order 
the infinities?



Here is where the continuum problem lies: 
we lack a procedure through which to 
order the infinities.



Had it been thought out, the continuum problem would have 
been solved, and the dense rank of Gödelian paradoxes would 
have lost its most illustrious personage!



But in this bizarre 
investigation, it seems that the closer 
you get to the heart of the problem, 

the more it escapes you.

Because the procedure for 
ordering the infinities exists. 
It is called axiom of choice.

It was postulated by 
our illustrious colleague 

doctor Ernst Zermelo.

But, alas, it is an 
infinite procedure.

An order that only 
ends after infinite steps.

A sort of proof 
which would prove 
only after infinite 

attempts. 

An infinite cycle.

A kind of 
paradox.



Yes, another 
paradox.

Another 
undecidability. 
Always the 

same.

But things evolve 
and ferment. Gödel stepped into 
the current debate with new 

astounding hypotheses.

If your passion for Mathematics doesn’t
 fade, you’ll have time to go 
  deeper into these pure 
     and distant 
       disciplines.

My time 
has come.

I wish you an 
intense life, 
mr Winkler.

Goodbye.

Goo – Goodbye 
professor Fiz.










